Abstract. In this paper certain invariants related to the tightness are considered. Particular attention is given to the set tightness. Relations between properties of remainders and compactifications of a metrizable space are also investigated.
y of subsets of A satisfying |y| < x and x £\Jy\\Jy.
This invariant was originally called quasicharacter in [3] , where it was introduced, and in fact the inequality ts(X) < y/(X) always holds.
It is well known that replacing the expression "for any x £ A\ A" with "for some x £ A \ A " in the definition of tightness, we get the same cardinal invariant. A similar change for the set tightness leads to the definition of a new invariant which a priori is different from the previous one.
The partial set tightness of A, denoted by ets(X), is the smallest cardinal t such that for any nonclosed set Ac X there exists a family y of subsets of A satisfying |y| < x and (\Jy\[}y)\A^ 0.
Finally one more invariant follows by mimicking the definition of weak tightness.
The weak set tightness of A, denoted by wts(X), is the smallest cardinal x such that for any closed set F c A and any accumulation point x £ F there exists a family y of subsets of F \ {x} satisfying |y| < x and x £ (J y \ (j y . 0.1. Proposition. For any space X we have wts(X) < ets(X) < ts(X) < wt(X)<t(X). Proof. The only nontrivial inequality isjhe third. So let A be a nonclosed subset of A and x £ A \ A. Put F = A and select a set B c F \ {x} such that x £ B and \B\ < wt(X). For any z £ B take an open set Uz such that z £ U2 and x £ Uz. The family y = {Uz n A : z £ B} satisfies x £ (J y \ IJ y and hence ts(X) < wt(X).
An example of a Lindelof regular space A for which wt(X) < t(X) is described in the next section.
If X = cox x <y U {p} , topologized in such a way that any point in cox x co is isolated and a local base at p consists of the family {{p}l)(cox \a) x (co\n):
(a, n) £ coxxco} , we obtain a Lindelof regular space for which ts(X) < wt(X).
Surprisingly for the first two inequalities in the above proposition the situation is different, unless one wants to look for some rather pathological example. 0.2. Theorem. // A is regular then wts(X) = ets(X) = ts(X). Proof. Clearly it is enough to show that ts(X) < wts(X). Let A be a non closed subset of A and x £ A \ A. Put F = A, and select a family y of subsets of F \ {x} in such a way that \y\ < wts(X) and x £ \J y \ \J y. For any B £ y choose an open set Ub such that B c Ujg and x £ Ub . The family / = {A n Ub : B £ y} satisfies the condition x £ (jy' \ \Jy' and therefore ts(X) < wts(X).
Before closing this section we mention a recent result of Juhasz and Szentmiclossi which will be used later. 0.3. Proposition (see [8] ). If X is a compact space and there exists in X a free sequence of length x, where x is a regular cardinal and x > K0, then there exists in X a converging free sequence of length x.
Around set tightness
The behaviour of the set tightness under the usual topological operations was studied in [5] . In particular, partial results were obtained in connection with the stability of set tightness in a product with a compact factor or under closed continuous maps.
In this section, among other results, a full solution of both of the above questions will be presented.
We begin with a nice consequence of Proposition 0.3, showing that in the class of compact spaces all the invariants in Proposition 0.1 coincide.
1.1. Theorem. // A is a compact space then t(X) = ts(X).
Proof. According to Proposition 0.3 if in A there is a free sequence of length t+ then there is also a free sequence of the same length which converges to a point. Assume by contradiction that x = ts(X) < t(X), and let £, be a free sequence of length x+ converging to a point x . If A is a subset of I, such that x £ A then it follows that \A\ < x. Therefore, if y is a family of subsets of £ such that |y| < x and x $ \Jy then x $ \Jy. This contradicts the definition of set tightness and the proof is complete.
Combining the above result with Corollary 2.7 in [5] we get 1.2. Corollary. // A is compact then ts(X x Y) = ts(X)ts(Y).
The above corollary can also be derived from the next more general statement. To show that the set tightness can increase even for perfect maps we need to recall an example constructed by Ranchin in [11] . Let / be the unit segment and A(I) = Ix u IL be the Aleksandroff duplicate. Let A be the space obtained from A(I) by enlarging the topology in such a way that any countable subset of h is closed in A. Then A is a regular Lindelof space having i//(A) = ts(X) = wt(X) = No and t(X) > No . Let Fbe the space obtained by collapsing Ix to a point and observe that Y is a perfect image of A. Since Y is the one-point Lindelofication of a discrete set of cardinality 2*°, we clearly have ts(Y) > N0 • Since any G$ set is open in the space Y, the above construction also shows that a perfect image of a space of countable pseudocharacter can be a space without even the slightest trace of this property.
Since every target space can be represented as an image of a space of countable pseudocharacter under an open continuous mapping, we can conclude that an open continuous mapping can increase set tightness as much as we want.
The situation changes if we assume that the target space is countably compact.
Recall that a set A in the space A is said to be bounded provided that any continuous real-valued map on A is bounded on A . 1.5. Lemma. Iff: X -> Y is a closed continuous map, Y is countably compact, and any fibre of f is bounded in X then X is pseudocompact. Proof. Assume by contradiction that A is not pseudocompact and select an unbounded continuous map g : X -» 3?. Choose a sequence A = {xn : n £ co} in A so that g(xn) > n for any n £ co. Since any fibre of / is bounded in A , it follows that the set f(A) is infinite and thus has an accumulation point y. Because g is bounded on f~x(y), there exists a neighbourhood U of f~x(y) such that g is also bounded on U. Observe now that, by the closedness of /, infinitely many points of A must be in U, and this is a contradiction.
1.6. Theorem. If f : X -> Y is a closed continuous map onto, where X is Tychonoff, y/(X) = No. and Y is countably compact then Y is Frechet-Urysohn. Proof. Applying Lemma 1.4 we find a closed subset Z of A such that f(Z) = /(A) and each fibre of f\z is bounded in Z. From Lemma 1.5 we deduce that Z is pseudocompact and, hence, being also of countable pseudocharacter and regular, it is first countable. The theorem now follows easily.
To conclude this section we state a result which shows that the behaviour of set tightness with respect to addition is better than the one of tightness (see [11] )-1.7. Theorem. Let X be a space and &~ a closed cover of it. If \SF\<x and ts(F) < x for any F £3r then ts(X) < x.
Proof. Let A be a nonclosed subset of A and x £ A \ A . If there exists an element F eJ such that x £ AnF then we are done. If x ^ A n F for any F then it suffices to take y = {A n F : F £ 9r} .
An analogous result for tightness holds for example for A>spaces, but is not valid in general.
2. Tightness, sequentiality, and remainders
In this section we investigate when a property of the type of tightness or sequentiality holds in a compactification provided that it holds in the remainder. In the sequel Z always denotes a compactification of the space A.
2.1. Theorem. // A is metrizable and ts(Z \ X) < x then t(Z) < x. Proof. By virtue of Theorem 1.1 it is enough to show that ts(Z) < x. To this end we need to verify that any subset A of Z is closed provided that for any family y of subsets of A of cardinality not exceeding x we have ((jy\(jy)\A = 0. Thus let x £ A. If x £ X then, since x has a countable base in A and A is dense in the regular space Z , x has a countable base in Z and consequently x £ A. If x £ A and x £ A \ X then the assumption that ts(Z \ X) < x implies x £ A . It remains to examine the case when x $. X and A c A. The closure in Z of any countable subset of A must be a subset of A , and consequently A is countably compact. As A is metrizable, it follows that A is actually compact; therefore, x £ A cannot occur. The proof is complete.
The previous theorem leads to a slight generalization of Theorem 1.1.
Corollary. If X is the remainder of a compactification of a metrizable space then ts(X) = t(X).

Corollary. If X is a metrizable space then hnx(Z \ A) = ts(Z \ X).
Proof. By Theorem 2.1 we have t(Z) = ts(Z\ X). Since Z \ A is compact, we have, by a theorem of Sapirovski (see [1] ): hnx(Z \ X) = t(Z \ A) < t(Z). Thus we get hnx(Z \ X) < ts(Z \ X). The converse inequality is trivial.
A consequence of Corollary 2.3 is the following: 2.4. Corollary. If a topological group G of countable tightness is the remainder in a compactification of a metrizable space then G is metrizable.
The compactification in the above result, being the union of two metrizable spaces, is an Eberlein compact. In general it is not metrizable as the AleksandrofF duplicate of the circumference shows. 2.6. Corollary. If X is a nowhere locally compact metrizable space and Z\X a topological group of countable tightness then Z is metrizable. Proof. By Corollary 2.4 the space Z \ A is metrizable. Since A is nowhere locally compact, it follows that Z \ A is dense in Z . It is enough now to apply Lemma 2.5.
Observe that in the statement of Corollary 2.6 the assumption that A is nowhere locally compact cannot be dropped. Look again at the AleksandrofF duplicate of a circumference.
We have, however, the following: 2.7. Corollary. // A is separable metrizable and Z\X is a topological group of countable tightness and countable cellularity then Z is separable metrizable. Proof. In this case Z \ A is separable metrizable. Then Z , being the union of two subspaces with a countable network, has a countable network. The compactness of Z does the rest.
The next proposition generalizes a well-known formula for compact spaces to the remainder of a compactification of a metrizable space.
Theorem. // A is metrizable then t(Z \X) = F(Z \ X).
Proof. By Theorem 5 in [4] we have ts(Z \ X) < F(Z \ X), and hence by Corollary 2.2 t(Z \ A) < F(Z \ A). On the other hand, it is clear that a regular uncountable free sequence of Z \ A cannot have any complete accumulation point in A, while it must have a complete accumulation point in Z (and hence in Z\X). This shows that F(Z \X)< t(Z \ X) and the proof is complete.
A result similar to Theorem 2.1 could hold for the property of sequentiality, but we do not have a full answer in ZFC.
2.9. Theorem (2N° <2N>). If X is metrizable and Z\X is sequential then Z is sequential. Proof. It is enough to show that any sequentially closed subset of Z is closed. Arguing as in Theorem 2.1, we can reduce the proof to checking that any relatively closed subset of A which is sequentially closed in Z is actually countably compact. Assume the contrary and let N c A be a copy of the naturals relatively closed in A. Obviously N ^ N and therefore N \N is a nonempty compact sequential space. Since N has weight not exceeding 2N° and N\N is sequential, it follows that | N \ N\ < 2H°. By the Cech-Pospishil Theorem and (2H° < 2N| ) there exists in N\N a point of countable character in N\ N and hence in N. Because N n A = N, such a point belongs to Z \ A, and consequently there exists a sequence in A converging outside A. This is in contrast with the fact that A c A, and the proof is complete.
The preceding theorem can also be proved assuming (MA), using a result of [9] , or in ZFC assuming in addition that \Z\ < 2N| .
It is natural to ask whether sequentiality can be replaced by some more general convergence property, for instance, pseudoradiality.
A space A is said to be pseudoradial (or chain-net) provided that for any nonclosed subset A of A there exists a point x £ A \ A and a well-ordered (transfinite) sequence in A converging to x. If the requirement of the previous definition is satisfied for every point x £ A\A then A is said to be radial.
Question. Is it true that if A is metrizable and Z \ A radial or pseudoradial then Z is pseudoradial?
Recall that a space A is said to be monolithic provided that nw(A) < \A\ for any A c X.
Let us consider IsbelPs space. Precisely, let N be the set of natural numbers and fix an almost disjoint family st of subsets of N such that \st \ = 2**°. Topologize the set Nlist in such a way that any point of N is isolated and a local base at the point A £ st consists of the sets of the form {A} U (A \ F), where F is a finite subset of A. The space so obtained is locally compact Hausdorff, and therefore its one-point compactification, say Z , is Hausdorff. The space Z is also a compactification of N, which is metrizable, and Z \ A is the one-point compactification of a discrete space of cardinality 2N°, which is monolithic. The space Z instead is not monolithic.
By a result of Gruenhage, any compact monolithic space is pseudoradial (see a generalization in [2] ) and the space in the previous example is sequential. These considerations lead us to formulate: 2.11. Question. Is it true that if A is metrizable and Z \ A is monolithic then Z is pseudoradial? 2.12. Question. Is it true that if A is a metrizable space and Z\A is a linearly ordered topological space then Z is pseudoradial?
The previous example shows that the space Z, under the assumptions in Question 2.12, need not be radial.
Observe that Theorem 2.1, Corollary 2.2, and Theorem 2.9 are valid (with the same proofs) not only for metrizable spaces but for all bisequential TychonofF spaces in which every countable compact subspace is compact. To finish observe that Corollaries 2.2 and 2.3, Theorem 2.8, and Propositions 2.13 and 2.14 suggest that those relations between cardinal invariants, which are specific for the class of compact spaces, can be in general true even in the class of the remainders of compactifications of metrizable spaces.
